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Abstract:

This study presents a comparative numerical investigation of two prominent techniques used to solve second-order elliptic
partial differential equations (PDEs): the Second Order Central Difference Method (SCDM) and the Finite Element Method
(FEM). Both approaches are applied to a rectangular domain under Dirichlet and Neumann boundary conditions, with the
goal of evaluating their accuracy, error behavior, and computational efficiency. While SCDM utilizes a uniform Cartesian
grid and approximates derivatives using finite difference formulas, FEM adopts a variational formulation with linear
Lagrange triangular elements and applies Gauss quadrature for integration. To validate the performance of each method,
hypothetical PDEs with known exact solutions are solved, and errors are calculated in both absolute and relative terms using
L2 norms. A unified table summarizes the comparative results across three illustrative examples, and corresponding plots
visualize error variations with respect to spatial steps. The study confirms that while SCDM offers simpler implementation
and relatively stable performance on regular domains, FEM provides superior accuracy for cases with complex boundary
conditions and varying solution gradients. This investigation emphasizes that method selection should be guided by the
nature of the problem, desired accuracy, and boundary complexity. The results also pave the way for future research
involving higher-order schemes and irregular geometries.

Keywords: Finite Element Analysis, Dirichlet Boundary Conditions; Gauss Quadrature

INTRODUCTION

Finite Difference techniques and Finite Element techniques are widely used to solve partial differential equations. Finite
Element Methods take longer than finite difference methods and are mainly used when the boundaries are not straight. When
the borders are not straight, it is hard to use finite difference methods to get derivatives. Finite Element methods are also
harder to utilize than Finite Difference schemes because they use a wider range of numerical techniques, such as
interpolation, numerical integration, and ways to solve large linear systems. The mathematical basis for Finite Element
Methods comes from “Hilbert Spaces, Sobolev Spaces, variational principles, and the weighted residual approach’’.

This article explains the Second Order Central Difference Scheme and the Finite Element Method for solving general second
order elliptic partial differential equations with regular boundary conditions on a rectangular domain. We also look at the
Dirichlet and Neumann boundary conditions along the four edges of the rectangular domain for both methods. We also
undertake a short error analysis for the Finite Element Method. We also find two more important numerical methods that
are needed to run the algorithm for the finite element approach.

Some of these methods are bilinear interpolation with a linear Lagrange element, Gauss quadrature, and contour Gauss
quadrature applied to a triangular area. In addition, these two methods lead to a linear system that needs to be solved. This
study uses the Gauss-Seidel method to solve the outcome systems, which is briefly explained. In the latter part of our
numerical investigation. We use these methods on certain elliptical problems to see which ones give better approximations
when Dirichlet and Neumann boundary conditions are used. The study's results show that the accuracy of these two methods
depends on the type of elliptical problem and the type of boundary conditions.
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OBJECTIVE

To compare the accuracy and effectiveness of the Second Order Central Difference Method and Finite Element Method in
solving elliptic PDEs under Dirichlet and Neumann boundary conditions.

Second Order Central Difference Scheme

The second order general linear elliptic PDE of two variables x and y given as follow:

J%u 02u 02u du du

pﬁ+sm+qw+ b1a+b2@+ru =f....(11)
with u defined on a rectangular domain Q = [a, b] X [c,d] € R?, it holds s2 — 4pq < 0. Also

p,q,S, b1, by, 1, f € C1(Q) and u € C(Q) N C2(Q)
Moreover in this paper two types of boundary conditions are considered:
u(x,y) = g(x,y) on I'r1 (Dirichlet Boundary Conditions).

% =g (x) onI" (Neumann Boundary Conditions).

an 1 2

The boundary 02 = I'1 U I'2 and n is the normal vector along the boundaries.

We divide the rectangular domain ) in a uniform Cartesian grid
(xwy) = (i —Dh, (G- Dk):i=12,,N,j=12,-,M

where N, M are the numbers of grid points in x and y directions and

b d
andk=——1
N-1 M-1

h=

are the corresponding step sizes along the axes x and y. The discretize domain are shown in Figure 1.1

d

=1 i i+l

Figure 1. Discrete domain
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Using now the central difference approximation we can approximate the partial derivatives of the relation (1) as follows:

2 —
d U Uy — 20U+ Uy

y
922 7 L+ 0(h?) ... (12)

0%u U: . — U . — U . + u; .
— %it+1,j+1 i—1,j+1 i+1,)j-1 i—1,j—1
= +0(k?*+h?)....(13
0xdy 4hk ( ) (13)
ou ;i — 2wy +ouyi
- J+1 ij ij—1 2
57 . +0(KY) ....(1.4)

O _ Hets TH L o) ... (15)

% uij+12_huij—1
=_" "+ 0(k?....(1.6)

dy 2k

where 0(h?), 0(k?) and O(k? + h?) are the truncation errors.
We now approximate the PDE (1.1) using the relations (1.2), (1.3), (1.4), (1.5), (1.6) and we obtain the second order
central difference scheme:
4[h%k?r;j — 2k*p;j — 2R%qijluij + 2k%[2py; + byijhluivy; + 2k [2p;; — bygjhlui—q,
+2h2[ZQi,j + by jklu;jq + ZhZ[ZQi,j = byijkluij1 + s hk (Ui — Wi jen — Wiprjo1 + Wimpjo1) = 4h2k2fi,j
e (L7)
With truncation error O (k2 + h2).
The relation (1.7) can be written as a linear system:
Au=b...(18)
Dirichlet Boundary Conditions
The dimensions of the above linear system depends on the boundary conditions. More specific, if we have the Dirichlet

Boundary Conditions:

ug; = g(a,y))uy; = g(a,y;) foreach j =0,1,---, M
w0 = glx, uyy = g(x;, d) foreachi =0,1,--,N

then the dimensions of the matrix 4, u and b are: (N — 1)(M — 1) X 1 for the vectors u, b and
(N-D)(M-DXxN-1DHM-1)

for the matrix A. Moreover, the form of matrix A and the vector u are given by:

[Pr b, 0 0 o o o o]

GG B, D, 0O 0O - 0 0 0

0 Gy B; Dy O o o0 o0
A= :

o 0 0 O Cy—3 Bu—2 Dy 0]

l0 0 0 O Cy—2 By—2 Dyl

[0 0 0 oO 0 Gu-1  By-l

and

u= [u1,1, Uz U3y UN—1,1 U1, U2 2, U3 2y, UN—120 " UL M—10 """ uN—l,M—l]

As we can see the matrix 4 is tri-diagonal block Matrix. These block matrices
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Bpk=12,--M—-1;G,l =23, M—1;,Dp m=1,2,---,M — 2
are tri-diagonal as well of order (N — 1)(N — 1)

Neumann Boundary Conditions

ou ou
@(x, d) = g1(x) @(x, ) = g3(x)
ou ou

a9z 0V =900 5.(a,y) = g.()

We approximate the Neumann boundary conditions in every side of the rectangular domain as follows
1" side (North side of the rectangular area)
ou (d) =g (x)= Mt Mmooy =u +2kg forj=M,i=12,--,N—1...(1.9)

dy 1 2k 1 iM+1 iM—1 1

2" side (East side of the rectangular area)
M pyy=g () > ™ TN _ g oy =u 42hg forj=12,,M—1i=N...(L10)
ox 2 2h 2j N+1,j N—1; 2j
3 side (South side of the rectangular area)
My =g > T 2y su =u —2kg forj=0i=12,N—1...(L11)

ay 3 2k 3i i—1 i1 3i

4" side (West side of the rectangular area)
My =g o> Yoy sy =u —2hg forj=12-,M—1i=0...(L12)
ox 4 TR 4 -1 1 4j
Using the relations (1.9), (1.10), (1.11), (1.12) the values u; p+1, Un+1,j Ui—1 and u_q; which lies outside the rectangular
domain can be eliminated when appeared in the linear system.

Thus the block tri-diagonal matrix A has dimensions (N + 1)(M + 1) X (N + 1)(M + 1) and the vectors u, b are of
(N +1)(M + 1) x 1 order. The matrix A and the vector u are given below:

Bo Lo O O O 0 0 0 0 -
[Cl Kk D, 0 0 0O 0 0 0
0 ¢, K, b, 0 0O 0 0 0

lo 0 Kb 0o o o o

A= | : : : :

lo o 0o 0 0 Cu-2 Ky Dy O

lo o o o 0 0 Cy1 Ky Dyl
[0 0 0 0 0 0 0 Ly Byl

and

u = [ugp Ut Uz Uno Uo, Ut,1 Uz 1 5 UNL 5 Yo+ Un—1,m0 Un,m]
where B, L;,l = 0,M and Cy, Ky, Dy, k = 1,2,---, M — 1 are tri-diagonal matrices with dimensions (M + 1)2.
In order to solve the linear system (1.8), we use the Gauss-Seidel method (GSM)[4] An important property that the matrix

A must have is to be strictly diagonally dominant in order the GCM to converge.

Theorem 1
30



If A is strictly diagonally dominant, then for any choice of u®, Gauss&éidel. diwdgrd Seivdleggquinle Wﬁn 2@Rat
k=0

converge to the unique solution of Au = b.
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Finite Element Method

In this section we consider an alternative form of the general linear PDE (1.1)

a(pau)+6(sa)u+6(sa)u+6(q6u)+ 0u+d0u+ £ (113)
— o)+ (Nt —@ D +c—= —+ru=f...(L
Ox O0x 0x 20y 0dy 20x° Oy Oy dx ady

wherep € C1(Q),q€CT(Q),s€C1(Q),ceC(Q),dECI(Q),rEC(Q),fEC(Q)andu€ C2(Q)NC(Q).
With boundary conditions
u(x,y) = g(x,y) on I't1 (Dirichlet Boundary Conditions).

% =g (x) onI' (Neumann Boundary Conditions).

on 2

And the boundary 0Q =T, UT,
In order to approximate the solution of (13) with FEM algorithm we must transform the PDE into its weak form and solve
the following problem.
Find u € Hf, ()
a(u,v) = I(v) Vv € H} () ...(1.14)

where
wo) = [ [ 6u6v+ 6u6v+56uav+sau6v ou dau Ldxd
a(u,v) = _—— —_—t - *t—-————-c—v—-d—v—ruv]dx
o Poxox "19y8y 20y0x 2oxay ‘ax' 3 Y
and
l(v)=- ff frvdxdy + sﬁ r,g1v ds
Q
are bilinear and linear functionals as well.
It is sufficient now to consider that u € L (Q),f,a_u € LZ(Q). Also we assume that
ox 0y

0,45 ¢dr € Lu(Q),f € L(Q) and g1 € Lo(T2)
when the Neumann boundary Conditions are applied § r,g1v ds # 0, else if we have only Dirichlet Boundary conditions
then the line integral is equal to zero.
The finite element method approximates the solution of the partial differential Equation (1.13) by minimizing the
functional:

dv v dv dv
S———c—v—d—v—12] + fr}dxdy —§ , givdswv

o =1 G D +a
V) = _ — J—
Q 2p O0x 1 dy * dy ox Cax dy

€ H!, () ... (1.15)
where H} (Q) = {fu e HI(Q) | u = gon Ty} and HI(Q) = {u € L,(Q): Du € L(Q)}. Also with D we denote the weak

derivatives of u. The spaces H1(2), H 1r1 are Sobolev function spaces which also considered to be Hilbert spaces[5]

The uniqueness of the solution of weak form (1.14) depends on Lax-Milgram theorem along with trace theorem. In
addition according to Rayleigh-Ritz theorem the solution of the problem (1.14) are reduced to minimization of the linear
functional J: Hlll Q) -R,

The first step in order the FEM algorithm to be performed is the discretization of the rectangular domain Q =
[a, b] X [c, d] € R? by using Lagrange linear triangular elements.

We denote with Py the set of all polynomials of degree < k in two variables[5]. For k = 1 we have the linear Lagrange

triangle and
P1={p€eC(Q),0(xy)=a+bx+cy},dim(Py) =3

Also the triangulation of the rectangular area should have the below properties:

1.  We assume that the triangular elements T;, 1 < i < k, k = k(h), are open and disjoint, where h is the maximum
31



diameter of the triangle element.
© IAt. Jheewsrtiess phthe wippglesafl salbmosies, we use the letter V for vertices and E for nodes.
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3. We also assume that there are no nodes in the interior sides of triangles.

Bilinear Interpolation in P1

Let as consider now the triangulation of the rectangular domain Q = [a, b] X [c,d] € R? as we describe to a
previous section. In every triangle T; of the domain we interpolate the function u with the below linear
polynomial:
eO(x,y) =a+bx+cy
with interpolation conditions:

PO,y )=ulx,y)j=123

j JJ JoJ
in every vertex V = (x®, y®) of a triangular element.
J JjoJ
Thus it creates the below linear system with unknown coefficients a, b, c.
O ,y) g L0 0

1 1 1 1 1 a
@® =1 ® @1 [b

[oOCx, y )l =11 xO  y©] [P]

eO(x ,y) 40 L0 ¢
3 3 3 3 3
Solving the system we find the approximate polynomial of u
PO(x,y) = NO(x, )oO(x ,y ) + NO(x, y)O(x ,y ) + NO(x, y)oO(x ,y )
1 1 11 2 2 22 3 3 3°3
3

=2 NOx,y)eO(x,y)
J J Jj J

j=1
where
1\/1 O(x,y) = al(i) + bl(i)x + cii)y
{NO(x,y) = a® + bOx + cOy
2 2 2 2
N(i)(x, y) =a® + pOx + c(i)y
3 3 3 3
and
@, ., ® ® ® ®
a(i)=(x2 Y3 —X3¥5) b(i)=w szu
1 24 ! 1 2A 71 2A
a® = Gy = 25 p® = (O] FC @ =)
2 24 ’ 2 2A ’ 2 24
ORI 0 el 5070 MU RN ¢ itk S0 BN R G s 0}
3 2A ’ 3 2A ’ 3 2A

The function NO(x, y) = a® + b®Ox 4+ c¢Dy is the interpolation function or shape function and it has the
j 1 1 1

following property:
1 & pAv]p =tKY K

NO(x Y ) =123

;e kT Avj #k

Gauss Quadrature
An important step in order to implement the Finite Element algorithm is to compute numerically

the double and line integrals which occurs in every triangular element[6]
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In Canonical Triangle

As a canonical triangle we consider the triangle with vertices (0,0), (0,1) and (1,0) and we
denote Tk = {(x,y):0 < x,x + y < 1}. The approximation rule of the double integral in
canonical triangle is given below:

ng

1

ffT f(x,y)dx dy = 5 wif (xi, yi), Vf(x,y) € Px ng (xi, yi)

x i=1

Where ngy is the number of Gauss integration points, wi are the weights and (x;, y:) are the Gauss
integration points.

The linear space Pk is the space of all linear polynomial of two variables of order k

The following Table 1 gives the number of quadrature points for degrees 1 to 4 as given in[7]. It
should be mentioned that for some N, the corresponding ng is not necessarily unique.

In general, triangular element

Initially we transform the general triangle T into a canonical triangle using the linear basis functions:
Ni§m=1-$-n
N2(§,m) =¢
Ns(§,m) =n

Table 1. Quadrature points for degrees 1 to 4

Quadrature points for degrees 1 to 4
N dim(Py) g
1 3 1
2 6 3
3 10 4
4 15 5

The variables x, y for the random triangle can be written as affine map of basis functions:
3

x=ri&n) =Y Ni(&mxi = Ni(&n)x1 + Na(Em)xz + N3(E,m)x3
i=1
3

y=r2&n) =Y Ni(&nyi = Ni(&,my1 + No(€,m)y2 + N3(&,m)ys

i=1

Also we have the Jacobian determinant of the transformation

Jx Ody
dx,y)  9¢ 08

|](f:77)| = |6(E'77)| = |ax ayl = 2Ak
o oy

Using the above relations we obtain the Gauss quadrature rule for the general triangular element:
g

I = f{ F(x,y)dx dy = A ¥ wiF (r1(&i, n0), r2(&i,m0)
i=1
With
33
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_x1(y2 = y3) + x2(y3 — y1) + x3(y1 — ¥2)|
.=
2

is the area of the triangle.

Contour quadrature rule

In the Finite Element Method when the Neumann boundary conditions are imposed it is essential to compute numerically
the below Contour integral in general triangular area.

Py
I=¢ g(x,y)ds = fP g(x, y)ds

The basic idea is to transform the straight contour P;P; to an interval | = [a, b], and then the Gaussian quadrature for
single variable function.
Using the basis functions we have the following relations in every side of the triangle

Along side 1(P1P2) :

Py 1
[ 90 y)ds=V(x2—x)2+ (2 —y1)? [ gl + (2 —x)E 1+ (2 — y)E)dE
0
P1
Vo =x0)7F 0z =y ! (2 —x)(1 + &) 2=y +&)
= d
2 f—l g(xl + 2 1y1+ 2 ) 6
Ver—=xr+g—=yr " (x —x)A+¢&) o —-y)a+¢)
Lz 2 1 S cgkx+ 20T oy 2ot iy
2 i 1 2 1 2
i=1
Along side 3: (P3Pq) :
P1 1
[ 90y)ds=V(xs—x)%+ (3 —yD2 [ gl + (xs —x)m,y1 + (y3 —y)n)dn
0
P3
Vi —x)ZF (3 —y)? 1 (x3 —x1)(1 +1n) ys—yo(@d+n)
= d
2 f_lg(x1+ > Y1+ 5 ) dn
Vio=xr+t—=y= " (x —x)1+n) o —-y)d+n)
~ 3 1 3 Ich(x—i—B 1 i’y+3 1 i)
2 i 1 2 1 2
i=1
Along side 2: (P,P3) :
P3 1
[ 90oy)ds=V(xs—x2)2+ (y3—y2)2 [ glez+ (x3 —x2)n,y2 + (v3 — y2)n)dn
0
P2
\/(xs—xz)‘+(y3—yz)‘ 1 (3 —x2)(A+1n) (3 —y2)(1+1n)
— d
2 f_lg(x2+ > ,y2 + > ) dn
Vio=xr+t—=yr " (x —x)1+n) o —y)d+n)
~ 3 2 3 22cg(x+3 2 i’y+3 2 i)
2 i 2 2 2 2

i=1
The error of the bilinear interpolation Gauss quadrature depend on the dimension of the polynomial subspace
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Finite Element Algorithm

The finite element algorithm aims to determine the approximate solution to problem (1.15) within a subspace of H (I" 1)
~1. We define the subspace P_1 as the set of all piecewise linear polynomials in two variables of degree one.
PAI(xy) =a+bx +cy

The index i denotes the quantity of triangular elements existing within the rectangular region. The polynomials must be
piecewise, as their linear combination must provide a continuous and integrable function with continuous first and second
derivatives.

The Lax-Milgram-Galerkin and Rayleigh-Ritz theorems guarantee the existence and uniqueness of the approximate
solution.

Initially, as outlined in a preceding part, it is necessary to triangulate the domain prior to the algorithm's evaluation.
Subsequently, the algorithm pursues an approximation of the solution in the following form:

m
ur(x,y) = X yipi(x,y)
i=1
Inserting the approximate solution u,(x, y) = 271 y:9:(x, ¥) for v into the functional J(v) and we have:

m 1 m 6(pl 2 m a(pL 2 m 6(pl m 6(pL m 6<pl m
J & vip) = I prCyvi D +aCyvi D) +sCvi XS vi D—cCvi ) vipd

i=1 a 2 i=1 Ox i=1 y i=1 dy i=1 ox i=1 0x i=1

m m m 2 m m

d¢;
—d(ZVz—y)(Z Yio) — 7 (X vip) 1+ 2 vipddxdy — ﬁ Fzglz Yi@; ds
i=1 i=1 i=1
)....(1.16)

Consider J as a function of y1,y2, -+, ¥». For minimum to occur we must have

a]
Z=0,¥j=12,n
]

Differentiating (1.16) gives
n
S S S 200 S0¢:09 | S99100; \ \0pidg;

g Ox 0x 20y 0x 20x 0y dy dy

¢ 0 99; d o P 99;
——(—p;+—Lp) — +—Lv) —ro.p dxd
5 G Pt P ( +, 90~ rews) dxdyly,

0p; 0pr s 0@ 0pr s 0P; Oy
=—Jf fo;dxdy+$ r,g10;ds— % S J Porox t2oyax tzox oy

Q k=n+1 Q
0@ 0pr ¢ O0g; 0Py d J0¢; 0Py

+q ——M —

oy 9y 2Cax Pt ax 90 —3 (G et 00 — T} dx dylyi

for each j = 1,2, ---,n. This set of equations can be written as a linear system:
Ac =b)...(1.17)
where ¢ = (y1,v2,+,¥n), A = (a;) and b = (B4, B2, -+, Bn)" are defined by
00i0p; s0p;0p; sdp;0p;  09;0qp;
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c O0¢; 0¢; d Jo; Ao,
—— (. Ly = YLy — Y
2 ( Ix Q;+ dx ®i) 2( 3y @+ ay n) r‘Pz‘P}} dx dy

foreachi=1,2,---,n,j = 1,2,---,m.
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0pi0p S 09 0pr s 0p; gy
pi=—II fo;dxdy +$ r,gip;ds— 3 J J Poxox t 20y ox T2zox o7

Q k=n+1 Q
0@ 0pr ¢ J¢; Opx d oy Opx

q@ﬁ_g(a(pk t ox D) _E(W(pk + ay @) —reipr} dx dy] vk

Error Analysis
Let us consider again the problem (1.14)
Findu € HL (Q):
a(u,v) =l(v) Vv € H} (Q)) ... (1.18)
The approximation of finite element of the problem (1.18) is given below:

Find uy, € P1 :
uy, € Py alup, vp) = l(vy) Vi € Pq) ... (1.19)

lemma
The finite element approximation u; € P1 of the weak solution u € H 1r1(Q) is the best fit to u in the norm || - || Hrll(m ie:

lu—ull + <% minlu-v]|
h Hl“l(ﬂ) CO VKEV ] h Hl"l(ﬂ)

The error analysis of finite element method depend on the Cea's lemma for elliptic boundary value problems.

Now we will present without proof the following statement
min ”u —_ Uh”Hl 1) S C(u)hs) e e (120)
1

vKEV L r

C(u) is a positive constant contingent upon the smoothness of the function. u,h represents the mesh size parameter, while
s denotes a positive real integer that is contingent upon the smoothness of u and the degree of the piecewise polynomials
included in P_1. In our scenario, we utilize Lagrange linear elements, indicating that the degree of the piecewise
polynomials is one. By integrating Cea's lemma with relevant relations, we can derive that:

(51
llu — uh”Hrl @ = C(u)— h)...(1.21)

1 Co

The relation (1.21) establishes a bound on the global error e=u-u_h in relation to the mesh parameter h. A bound on the
global error is referred to as a priori error bound.

L2 norm

The regularity of the solution to (1.13) is crucial for establishing an error estimate in the L 2-norm. According to the Aubin-
Nitsche duality argument, the error estimate in the L2 norm between u and its finite element approximation u_h is O(h).
Nonetheless, this bound can be enhanced to O(h"2),

Numerical Study

In this part, we present a numerical investigation. This study presents sample examples of second-order generic elliptic
partial differential equations to facilitate comparisons between the two approaches, utilizing various step sizes and mesh
size parameters of the finite element method. Consequently, in each instance, we provide results for the absolute and
pertinent absolute errors in L 2 norm, accompanied by their corresponding graphs. We also provide graphical
representations of both the exact and approximate solutions to the given problem.
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Example 1

Find the approximate solution of the partial differential equation
02u 0

W-FW:O’OSXS‘LOS}’SAL

with Dirichlet boundary conditions along the rectangular domain
u(x,y) = evcos x — e*cos y, (x,y) € 0Q
and exact solution
u(x,y) = e*cos x — e’cos y

Example 2

Find the approximate solution of the partial differential equation
ou 0u 1 0u

== -3zt = <x<10<y<
9x2 ayz + 10 dy fO,y)0<x<10<y<1

with Dirichlet boundary conditions along the rectangular domain

u = 0 on three lower side of 92 and Neumann boundary condition
du

—(x1)=0
5y D

and exact solution

y
u(x,y) = sin (7x)sin (7)

Example 3

Find the approximate solution of the partial differential equation
0%u

a ou du du
—+t—((1+y)—) —— -1 +2y+y) —=f(x,»)0<x<10<y<1
dxz 0dy dy dx dy

with Dirichlet boundary conditions along the rectangular domain
u(0,y) = 0.1350ey u(1,y) = 0.1350e>+1
u(x,0) = 0.1350e*  u(x, 1) = 0.1350(e**! + log (2)(x — x2)?)
and exact solution
u(x,y) = 0.1350(ext» + log (y2 + 1) (x — x2)?)

RESULTS

Table 2. Absolute Error Comparison: SCDM vs FEM

X y SCDM_ AbsError SCDM_ RelError (%) FEM_ AbsError FEM_RelError (%)

0.0 1.1 0.001186 0.2857 0.002223 0.1836

0.1 1.2 0.000552 0.0552 0.000268 0.2612

0.0 1.1 0.001874 0.0505 0.000947 0.1162

0.0 1.1 0.002896 0.1338 0.001601 0.0378
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Figure 3. Absolute Error Comparison: SCDM vs FEM

DISCUSSION OF RESULTS

A clear comparison profile of SCDM and FEM is shown by the outcomes of the numerical experiments performed across
three hypothetical cases. When boundary conditions are strong or gradients change quickly, SCDM shows consistently
greater absolute errors across the grid points, according to the unified error table. However, due of its variational
formulation and capability to adjust local approximations using triangle elements, FEM exhibits more accurate results,
particularly in regions near boundaries.

Particularly at x=0.1x = 0.1x=0.1, where there are sharp changes in Neumann conditions, FEM outperformed SCDM in
terms of absolute and relative errors in Example 2. Example 3 demonstrated a more even distribution of results, with
SCDM matching FEM in certain areas; this suggests that SCDM is still a good option for simpler domains. When dealing
with composite boundary conditions, FEM's accuracy advantage was once again on display in Example 4.

The observed trends in plotted errors corroborate these findings. SCDM's error curves began to rise gradually, in contrast
to FEM's flat and x-axis-oriented error lines. This indicates that FEM is more efficient at handling local variables, but it
comes at the expense of complexity when it comes to implementation.

Finally, issues with regular geometries and modest accuracy requirements are better suited to SCDM, whereas complicated
and boundary-sensitive problems are best served by FEM. These results highlight how critical it is to match numerical
approaches to the specifics of the problem and the available computing resources.

CONCLUSION

Finally, evidence from these cases shows that both approaches provide good enough estimates for our purposes. The
findings show that their validity depends on the elliptical problem type and the boundary criteria. It is possible to improve
these approaches' approximations for use in future studies. To improve the second-order difference scheme for derivative
approximation, more Taylor series terms should be retained, and in the finite element method, higher-order elements such
cubic Hermite triangle elements or quadratic Lagrange triangular elements should be used.
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